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ABSTRACT
The running coupling constants are introduced in Quantum Mechanics and their evolution
is described by the help of the renormalization group equation. The dierence between the
renormalization group in real and imaginary time is demonstrated for the case of the harmonic
oscillator. It is found for nontrivial systems that the only relevant or marginal terms of the
action are the kinetic energy, the scalar and the vector potential. The unitarity of the time
evolution excludes the irrelevant or non-renormalizable vertices from the action. For certain
velocity dependent interactions logarithmic divergences plague the theory in the ultraviolet.
This may have observable consequences in non-gauge systems. These singularities are missing
in the hamiltonian so they need no regularization and counterterms in the operator formalism.
An example of low-energy eective theory is given for scalar potential.
1
I. INTRODUCTION
The renormalization group provides us with the systematic description of the dependence
of the fundamental laws and constants on the observational scale [1]. This scale dependence
is rather involved as we pass from the realm of one interaction to another or we are in the
vicinity of a phase transition. The scaling laws found in the solutions of the renormalization
group equations reect the layered structure in which dierent degrees of freedom contribute to
the dynamics.
Thus one might think that the application of the renormalization group method is not
too illuminating for a simple system, in particular a single particle in nonrelativistic Quantum
Mechanics. This may not be so. By considering Quantum Mechanics in the path integral
formalism as a 0+1 dimensional Quantum Field Theory we may introduce the renormalization
group and the running coupling constants. The present paper contains some simple observations
to demonstrate that certain aspects of Quantum Mechanics can be better understood by the
help of this method. Furthermore by analysing the evolution of some of these coupling constants
we may gain a new insight into the eects of the velocity dependent interactions.
The renormalization group is used in dierent contexts. Apart from displaying the scale
dependence of the interactions it can be useful to eliminate unimportant variables or to describe
the short distance behaviour of products of eld operators. Though the mathematical expres-
sions are usually similar they can be interpreted in dierent manner. We use the renormalization
group only in the rst sense.
There have already been some works addressing the renormalization group in the context of
QuantumMechanics. In Refs. [2] and [3] the ultraviolet divergences generated by certain short
range singular potentials are treated in a manner which is similar to Quantum Field Theory.
The goal of the present work is dierent. Rather than tracing down the singular eects of a
singular potential we intend to investigate the role played by the singular `quantum noise' for
ordinary systems.
There are two dierent mathematical framework for quantum physics, the traditional one
which is based on operators and the path integral formalism. The fundamental dierence be-
tween them is that the path integral expressions are well dened only for a small but nite
value of the time step, t, the ultraviolet cut-o. The existence of the path integral is a rather
involved question for the interacting systems. The equation of motion in the operator formalism
is a dierential equation written in the limit t ! 0. We shall investigate in this work the
manner the limit t! 0 is realized in the path integral formalism.


































































. As explained in the text books the last equation with
continuous notation is symbolic only, its precise meaning is given by the previous, regularized
expression.































































is more involved. The straightforward explanation of the diculties is the operator ordering
problem, which renders several classical actions to the same quantum hamiltonian. But the
construction of the `quantum' lagrangian of the path integral formalism from the quantum
hamiltonian is well dened and unique with the mid-point vector potential as in (1.3), [4]. One
of the by-product of the application of the renormalization group is the systematical classication
of the dierent quantum lagrangian which in the continuum limit, t ! 0, generate the same
hamiltonian.
The motivation of introducing running coupling constants in quantum mechanics comes
from the observation that certain velocity dependent terms of the lagrangian lead to ultraviolet
divergences. This supercial analogy with Quantum Field Theory is exploited in the implemen-
tation of the basic idea of the renormalization group. In a surprising manner the ultraviolet
divergences of Quantum Mechanics are seriously constrained by the unitarity of the time evo-
lution operator. It is found that the renormalized trajectories constrained by the unitarity lead
to nite running coupling constants. This however does not mean that Quantum Mechanics is
free of ultraviolet divergences. Certain appropriately ne tuned marginal or irrelevant terms of
the lagrangian which accumulate ultraviolet divergences according to the renormalization group
equations may remain nite in the usual perturbation expansion and yield nite low energy con-
tributions in the hamiltonian. But the price of generating a nite hamiltonian in the presence of
these terms in the lagrangian is their special ne tuning which deviates from the renormalized
trajectory. Apart of this interesting phenomenon the renormalization group analysis agrees with
the expected picture that the ultraviolet xed points can be parametrized by the mass the scalar
and the vector potential.
The organization of this paper is the following. The non-dierentiable nature of trajectories
is shown in Section II. The perturbation expansion and the power counting scheme is worked
out in Sections III and IV. The running coupling constants are introduced in Section V and
the harmonic oscillator is discussed as a simple example. Section VI. contains the perturbative
one-loop computation of the decimation, the blocking relation corresponding to the change
t ! 2t. The linearized expressions are discussed in Section VII. The unitarity condition
is analyzed in leading order of the perturbation expansion in Section VIII. In order to make
contact with the operator formalism the Schrodinger equation and the hamiltonian is derived
in Section IX. Finally Section X is reserved for the summary.
II. NON-DIFFERENTIABLE TRAJECTORIES
There is a rather interesting phenomenon hidden in the ordering ambiguity of quantum
mechanics, the nowhere dierentiable nature of the trajectories which dominate the path inte-
gral. This feature serves as a starting point to motivate the use of concepts borrowed from the
renormalization group. The hand-waving argument which turns out to be equivalent with the










































is the following. For the typical trajectories each contribution in the exponent is O(1). On









<< 1 the phase space of the trajectory is too restrictive, its `entropy' is small.










after ignoring the end point dependence.
This property of the trajectories is rather surprising since our intuition is based on classical
mechanics. But it is essential for Quantum Mechanics because the canonical commutation
relations would be lost otherwise [5]. In fact,
































where (2.2) was used in the third equation. Thus the quantum motion is rather disordered for







fast spreading of the wave-packets for short time. We may interpret it as the indication that
the Hausdor dimension of the quantum trajectory is twice of the classical one.
One expects the velocity dependent interactions to play more important role in short time
processes. In order to characterize the quantum enhancement of these interactions we suggest
the use of the running coupling constants. Traditionally, the running coupling constants appear
in Quantum Field Theory due to the ultraviolet divergences. The evolution equations for these
coupling constants obtained in the framework of the perturbation expansion show clearly the
manner these divergences build up as the ultraviolet modes are integrated out in the path
integral. The next Section introduces briey the perturbation expansion by considering (1.3) as
the path integral for a Quantum Field Theory in 0+1 space dimension.
III. PERTURBATION EXPANSION
We apply in this Section the perturbation expansion which was developed for second quan-
tized theories for the path integral (1.3). The quantity of central importance is the trace of the
























































. The vector potential is evaluated at the intermediate point which is not

















































+   . The
perturbation expansion of the path integral consists of expanding the exponential in the right
hand side of (3.1) in the coupling constants V and a and the contributions can be labeled by
Feynman graphs just as in Quantum Field Theory.
4
Note that the coupling constants of the potential can be determined from the `scattering
amplitudes' dened in analogy with Quantum Field Theory. In fact, let us denote the state with
the wave function x
j
1





(x), where  
0
(x) corresponds to the ground state by jx
j
1















   x
k
m
>, where U(t) is the time evolution
operator can be written as the sum of Feynman graphs with n +m external legs. On the one
hand, the scattering matrix can be reconstructed from the amplitudes. On the other hand,
starting from the scattering matrix elements one can generate these amplitudes.


























































































































This divergence is the immediate consequence of the usual O(!
 2
) behavior of the propagator.
The lagrangians with higher than third order time derivatives yield ultraviolet nite path inte-
gral. But already for propagators O(!
 2 
) the canonical commutation relation is lost and the
dynamics become classical.
We now use this kind of perturbation expansion to demonstrate the dependence of the
path integral on the choice of the intermediate point where the vector potential is evaluated.



























































The path integral is not gauge invariant unless  = 0. Had the trajectories be dierentiable, (3.6)
would have been nite and the faster decreasing propagators would have made (3.7) vanishing.
The dependence of the path integral on  could have been guessed at the very beginning by
5










the last expression of the exponent of (3.1). Due to (2.2) this square is proportional with t
so its summation along the trajectory is nite and proportional to the time, T . Note that it is






> compared to the classical motion which requires
the replacement of the classical calculus in the path integral by the Ito-calculus [6]. Under the
transformation of the variables x! x
0
= F(x) of the action within the path integral one has to
keep track of the Taylor expansion in the change of the variables in one order of accuracy more
than in the classical calculus. The new contribution to the Ito-integral arising from non-linear








t and is called Ito-potential
[7].
Another interesting consequence of the non-dierentiability is the appearance of ultraviolet




























+   , in the lagrangian. The dot stands for time derivative and the










is the coupling constant for a vertex of order n +m. The frequencies
corresponding to m legs multiply its contribution. It is easy to see that an internal closed
line connecting two velocity legs of the same vertex gives a linear divergent contribution in the
graphs. It is this linear divergence, (3.6), which is responsible for several interesting ultraviolet
phenomenon discussed in the rest of this paper. The systematical classication of the divergences
will be achieved by evoking the power counting method.
IV. POWER COUNTING AND RENORMALIZABILITY
One can easily develop the power counting for (3.1). The path integral is derived in `lattice
regularization', for nite t. The propagator has -2 degree of ultraviolet divergence in energy






1), which has 1 degree of ultraviolet divergence in agreement with the general construction of
Ref. [8]. To nd the supercial degree of divergence of the loop integrals we can follow the




, where M;L and













































Consider now a graph with E external legs and V vertices. E
d
legs contain a velocity i.e.





















overall energy conservation of the loop integral. [I] and [G] stand for the dimension of the loop
integral and the coupling constants. Since each vertex is divided by h, [h]
 V
appears in the last
factor. The overall degree of divergence of the loop integral I with L internal lines is dened






is the time dimension of A. The removal of an h in from
![I] at each line is necessary to obtain the contribution of the energy depending factors to the

























Thus the overall degree of divergence is nally











The usual power counting for eld theories in D-dimensions yields the overall degree of diver-
gence


























) is the energy dimension of the coupling constants corre-
sponding to the vertex v. Naturally (4.5) reduces to (4.4) for D = 1. For D < 2 the gaphs with
more external legs are more divergent in the ultraviolet. We call the vertex v renormalizable or
non-renormalizable for !
v
< 0 or !
v
> 0, respectively. Even if all vertices are renormalizable





>, c.f. (3.6). These graphs should
either drop out or be resummed in the computation of the hamiltonian.
The ultraviolet divergences mentioned above arise from the non-dierentiability of the tra-
jectories, from the quantum noise. The divergence in (2.2) is the same as predicted by the
supercial degree of divergence of the loop integral (3.6). In other words, the simple observa-
tion that each contribution in the exponent (2.1) is O(1) is in agreement with the divergences
predicted by power counting. The usual perturbative ultraviolet divergences of Quantum Field
Theory depend on the number of the degrees of freedom. These are the additional divergences
which appear due to the higher dimensionality. The naive power counting argument indicates
that the typical eld congurations are nowhere continuous in Quantum Field Theory. In fact,






















where the dimensionless lattice eld variable,  = a
D 2
2
, has been introduced. Each contribu-




). Note that this result is in agreement with the power counting in the momentum space.
The nowhere continuity leads to unexpected consequences in the topological structure of the
renormalized theory when the dimensionless, interaction dependent constant, < jj >, is large
enough. Apart of some isolated examples, [9], it is not known how to deal with these more
violent singularities of Quantum Field Theory in a non-perturbative manner.
In relativistic Quantum Field Theory the dimension of the coupling constant determines







where k is the cut-o and [g] is the energy dimension of the coupling constant g. Thus the
irrelevant coupling constants are non-renormalizable. The inverse time dimension of the coupling




= 2   d
v




. This is because













which determines the scaling properties of the coupling constants ? In order to nd the answer
we shall compute the blocking transformation for Quantum Mechanics.
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V. RUNNING COUPLING CONSTANTS
The quantity of central importance in Quantum Mechanics is the matrix element of the





the hamiltonian can directly be collected by measuring the spectrum and the proprieties of the
stationary states. Another source of information is the investigation of the transition rates or
scattering phenomena. This latter makes claim about some aspects of the function S(x;y; t).











(x+ y; t)(x   y)
j
1










(x + y; t) have simple form in the limit t ! 0. In fact, in


















, for the hamiltonian (1.2).




























The evolution in t is described by the renormalization group equations,













Suppose that our system is observed for time t
n
= nt, as it were enlighten by a strobo-
scope. In the operator formalism of Quantum Mechanics the results of the measurement would
be used to construct the hamiltonian. Instead, we now follow the path integral formalism where
the fundamental quantity is S(x;y; t). The renormalized trajectory, the solution of the evolu-
tion equation, (5.3), describes the way the observed parameters of the system change by the
stroboscope frequency. If the frequency of the observations is high and no ultraviolet divergences
arise then the cut-o lagrangian approaches its classical form.
One should bear in mind that the importance of the running coupling constants and the
renormalization group is in principle independent of the eventual divergences in the theory.















. The path integral is Gaussian and we have



































































. When the coordinates of the system are
measured subsequently with the time dierence  then one can reconstruct S(x;y;  ). The
signicance of m(t) and !
2
(t) is that the system appears at these measurements as if it had
mass m( ) and frequency !( ). Any other measurements performed at integer multiple of the
time  can be obtained by the help of the `cut-o' theory which is based on the lagrangian
8
(5.5). The running parameters approach the bare ones for short time, since there is no velocity
dependent interaction.
Note that !(nT ) = m((n +
1
2
)T ) = 0, and m(nT ) = !((n +
1
2
)T ) =1, where T = 2=!
0
.

































(x   y): (5:7)
The periodic self focusing is a characteristic for systems with equidistant energy spectrum. It
is reproduced by the divergences of the eective mass because the large mass suppresses the
propagation over nite distances. The vanishing of the potential, !
2
(nT ) = 0, is the immediate
consequence of the fact that the potential term is negligible compared to the kinetic energy
for short time, modulo period time. The diverging restoring force at half period requires the










(y) = (x + y). In the same time the kinetic energy becomes negligible.
VI. DECIMATION
























For the innitesimal increment of the time the renormalization group equation is equivalent with
the Schrodinger equation for the logarithm of the wave function. In order to nd the scaling
properties it is more illuminating to double the time t at each blocking step.






  U(x;y; t); (6:2)
where U(x;y; t) will be treated as a perturbation since the free action with U = 0 is a xed point.
The blocking transformation t! t
0





Note that the `nearest neighbour coupling' structure is preserved during the decimation. This is
characteristic of the one dimensional systems, in higher dimensions non-local terms are generated
by the blocking procedure.










































































































































































































It is useful to parametrize U(x;y) in terms of r = x   y and R =
x+y
2







































) = R +
r
4
























































































































VII. LINEARIZED RENORMALIZATION GROUP EQUATIONS




(R; r) + t
~



































V (R; r) =
~












= A(R + r
21
4
). The dependence in r appearing in (7.1) indicates that the potential
with  = 0 is not a xed point and non-midpoint or other velocity dependent potential is always
generated by the decimation. The truncation of the blocked lagrangian into the mid-point terms




































































@A leads to a logarithmic divergence in the limit t ! 0. This is
because for each doubling of the cut-o energy, t ! t=2, the scalar potential receives a
constant increment, (7.3).
One would have thought that the absence of the ultraviolet divergence for  = 0 is similar
to the manner the gauge invariance reduces the degrees of divergence in QED. We shall argue
below that this analogy is misleading. The Feynman graph responsible to the contribution of
the  dependent term in (7.3) is actually nite and this apparent reduction of the degree of
divergence is actualy present even for the non-gauge invariant lagrangian. But this happens
only in 0+1 dimension.


























was introduced. Since the coupling constants should be
expressed in the units of the running cut-o, the factor t
 2
is inserted in the expression for
~
V to
remove the time dimension of g
ds


















(1 +O(r)) +O(h). The coupling constant in
~












where  = 2  d, and contributions with lower powers of r and R are generated at the tree-level
blocking step. Thus
~
V belongs to an irrelevant term for d > 2, to a marginal or relevant one
when d = 0 or d = 1; 2, respectively. We found that the coupling constants, G
ds
, expressed in
the usual units is a tree level renormalization group invariant quantity. We have not obtained
the proper scaling combinations and all claims above are understood only up to terms which
are more irrelevant than the one in question. The lesson of this example is that the scalar or
vector potential and the mass are the marginal and relevant polynomial terms of the action at
the tree-level. In non-relativistic Quantum Mechanics the scaling properties of the vertex v is
given by the time dimension rather than !
v
, as in Field Theory. This is because the blocking
in time does not inuences the length scales in three-space. Since ! is not proportional with ,
non-renormalizability and irrelevance are not equivalent. Actually, the class of renormalizable
verices is larger than higher dimensions and it contains irrelevant ones. An example is a vertex
with d > s+ 2.
The ultraviolet divergences mentioned in Section III are generated at one-loop level by the



























































The last term represents a linear ultraviolet divergent vertex R
2
. The logarithmic divergence





One can see that the degree of the ultraviolet divergence of a vertex is determined by its time
dimension rather than .
VIII. UNITARITY













= (x  y); (8:1)
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imposes a non-linear constraint on the running coupling constants. It corresponds the reection
positivity for Euclidean invariant Quantum Field Theory [10]. Unfortunately this correspon-
dance is not known for non-relativistic systems. Nevertheless (8.1) can be used in real time
to improve our approximation or to exclude certain coupling constants from the action. The
non-linearities in (8.1) become less important in the limit t ! 0 and one may try to use the
perturbation expansion to extract information from this condition. In this limit the relevant cou-
pling constants approach zero so we expect constraints only for the irrelevant and the marginal
parameters.
In order to arrive at unitary time evolution one has to retain the coordinate independent






  U(x;y; t)  R; (8:2)
with U and R being real. We write (8.1) as
























































. We nd in leading order









































which is the correct normalization of the time
evolution operator inO(m). It is easy to see that for space dependent m the unitarity condition
(8.1) can not be satised in the framework of the perturbation expansion around the kinetic
energy. Thus the only marginal term which is compatible with unitarity is the kinetic energy
with constant mass. In a similar manner one can verify that the potential U(x;y; t) = gr
d
, with
d > 2 violates (8.1) either for constant or space dependent g. Thus the polynomial irrelevant
terms are excluded by the perturbative unitarity condition. It remains to see if certain special




The time evolution of the propagator is given by the convolution (6.1). In the framework
of the perturbation expansion we expand the exponent of the integrand around a saddle point




. In the decimation described in the previous Sections we









! 0 and the integral will be saturated by a saddle point which is dierent from those of the
decimation. Thus the scaling properties might well be dierent for certain coupling constants
in the lagrangian and the hamiltonian continuum limit.





















 (y; t): (9:1)
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We now rst choose the potential










(x+ y) + (x   y)

; (9:2)










































































R. The Gaussian integral gives
up to O(t)































































































is chosen. Note that (9.6) is hermitean for imaginary .
Instead of (9.2), we may take






















and expand (9.1) again,
























 (y; t): (9:8)
The resulting equation of motion is






























 (x; t): (9:9)
In order to arrive to a dierential equation for the wave function the exponential factor in the
right hand side must be space independent constant which is set to 1 by the appropriate choice
















Note that the perturbative treatment of the mass correction, m, would have led to the ultra-
violet divergent potential,  
3ihm
4mt
, in the cut-o hamiltonian. The resummation of the higher
order contributions of this term yields the nite expression, (9.10).











where the potential V
1
is chosen to be a renormalization group invariant, i.e. t independent.
The evolution equation is now















































is obtained in expanding the exponential of (9.12) in V
1
.
By adding a non-homogenous marginal term, (9.7), or an irrelevant potential, (9.11), to the
action we generate divergent hamiltonian. Thus the requirement of the ultraviolet niteness of
the hamiltonian excludes these terms from the lagrangian. Thus unitarity implies the existence
of nite hamiltonian in the framework of the perturbation expansion.












































yields the same hamiltonian. Is there any dierence between these two systems ? The answer
to this question lies in the scaling properties of the coupling constants. On the one hand, the
potential (9.15) scales appropriately and the cut-o can be removed. For (9.14) we suppress the
potential in the ultraviolet compared to the renormalized trajectory. For a given, small enough
value of t the two systems can be equivalent for observations involving time scales which are
large enough compared to t. When the comparison of the systems is made at high energy
then the limit t! 0 has to be taken. But it is just this limit when the coupling constant of
the potential (9.14) is tuned inappropriately and we nd t dependence. Such a dependence
in lacking for (9.15). Thus (9.14) is a low energy, non-renormalizable eective model for (9.15).
Note that this eective description has no less degrees of freedom than the original model.
Observe that though the potential (9.14) is vanishing in the classical continuum limit for
d > 0 it gives nite contribution to the `renormalized' physics, the Schrodinger equation. We
have already seen the case d = 2 in Section III. There the  dependent vertex generated a
supercially logarithmic divergent loop integral, (3.7). The conguration around which the




and x = y, respectively and the resulting contribution is nite in both cases. In the decimation
the term proportional with  in (7.3) comes from the expansion of the one-loop contribution to
trlnA, where the velocity dependent term is taken into account in the quadratic part of the path
integral. Though the background trajectory is static when x = y is set in (6.4), the analytical
dependence of the Gauss integral, (6.5), in x   y guarantees that the contributions of the non-
static background trajectories are incorporated in (7.3) and the logarithmic divergence can be
identied.
Another interesting lesson of the system (9.14) is that its classically vanishing term of the
action generates a nite potential in the hamiltonian. This is the result of the divergence (3.6).
We see the usual situation, namely that the classical action is not sucient to describe the
quantum system with velocity coupling. The coordinate space and potentials underlying the
propagation are described in the lagrangian formalism by means of geometrical concepts which
are based on smooth curves. But the quantum trajectories are non-dierentiable and their
fractal nature generates contributions to the amplitudes which depend on other `higher order'
ruptures of the space manifold or the potential at nite cut-o. This additional eects of the
background can be comprised into a generalized Ito-potential of the hamiltonian.
X. SUMMARY
The method of renormalization group was applied in non-relativistic Quantum Mechanics
in this paper. Our motivation was based on the guess that the non-dierential, fractal nature
of the trajectories in the path integral may generate strong eective velocity couplings at high
energy.
The power counting was developed by viewing Quantum Mechanics as a 0+1 dimensional
Quantum Field Theory. A vertex with d and s legs attached to velocity and coordinate, re-
spectively, was found non-renormalizable if ! =
d s
2
  1 > 0. In Quantum Field Theory the
non-renormalizable vertices are irrelevant, i.e. their energy dimension determines their tree
level scaling properties. But the time dimension of the vertex is dierent in the 0+1 dimen-
sional Quantum Field Theory and in Quantum Mechanics. The overall degree of divergence is
given by the same expression than in Quantum Field Theory by using the units c = h = 1.
This comes from the observation that the contribution to the kinetic energy from each time
slice is O(1). The scaling properties are determined by the time dimension of the vertices. This
was veried by computing the evolution of the coupling constants in Quantum Mechanics by
decimation, i.e. under the change t ! 2t of the cut-o in the path integral. It was found
that the inverse time dimension,  = 2  d, gives the scaling exponent of the coupling constants
in the tree level. The dierence between ! and  explains of the existence of renormalizable




, with d > s+ 2.
The relevant terms of the action are the scalar potential and the coupling to a gauge eld,
with  = 2 and 1, respectively. The mass term is marginal,  = 0. This result explains the lack
of need for any other terms like these usual ones in the action which characterize the continuum
of the ultraviolet xed points. The relevant and marginal terms of the action have nite limit
as t! 0.
The blocking transformation was performed in real time. The nontrivial superposition of
the complex phase in real time leads to rather surprising eects for a harmonic system. It was
veried in the case of the harmonic oscillator that the running mass and frequencies develop
singularities at nite values of the cut-o as the result of a self focusing. These singularities
survive in any nite order of the perturbation expansion and suggest the need of going beyond the
perturbative approaches in describing the nite time dependence of the propagation. Another,
more fundamental consequence of the real time in the blocking procedure is that the unitarity
of the time evolution must be preserved. This condition yields an integral equation for the
15
running coupling constants. The leading order perturbative evaluation of the integral equation
excludes the irrelevant terms from the unitary time evolution. Among the marginal terms only
the simple mass term is allowed, the space dependent mass term is excluded.
The existence of nite, hermitean hamiltonian is a stronger requirement than unitarity.
It turns out that in the framework of the perturbation expansion around the free system the
unitarity implies that the hamiltonian is always nite and hermitean when only relevant terms
are present in the potential energy. The hamiltonian is not hermitean when space dependent
mass or higher order term in the velocity are present in the lagrangian. The simplest example
for this case is the non-middle point prescription in the gauge potential. It yields a logarithmic
divergent imaginary potential in the hamiltonian. This potential is proportional to @A(x) and
is absent in Coulomb gauge. Thus this divergence does not inuence the gauge invariant content
of the theory. But the velocity dependent interactions might be generated by other than the
gauge principle. Examples are the Born-Oppenheimer approximation and the propagation on
non-Euclidean spaces. In these cases there is no gauge symmetry and an imaginary  or other
irrelevant term may lead to divergences. These latters should have observable consequences,
such as the divergence of transition amplitudes between certain states obtained from the ground
state by applying the coordinate operator. The violation of the unitarity is expected to occure




part. But we should not forget that the non-relativistic description with xed number of degrees
of freedom is always a low energy approximation in physics. When other degrees of freedom
are eliminated the unitarity is usually lost in the remaining eective theory. Thus the irrelevant
terms might well be generated in this manner and our renormalization group equation could be
used to predict their eects at high energies in the framework of the simple quantum system.
The comparison of the potential generated by the gauge potential with non-midpoint pre-
scription in the framework of the straight perturbation expansion and blocking revealed another
interesting phenomenon. This potential is found to be nite in perturbation expansion in spite
of its being the product of the inverse cut-o, t, and a loop integral with unit supercial degree
of ultraviolet divergence. The rst factor, t, comes from the fact that the gauge potential with
non-midpoint prescription yields a term proportional to tv = x   y in the Taylor expansion.
Thus this vertex is vanishing in the classical continuum limit. The loop integral with unit overall
degree of divergence should diverge as
A+Blnt
t
. But B = 0 and it is actually proportional to
t due to the special trajectory, x(t) = 0, we expanded around in the straight perturbation
expansion. Thus the product of these two factors is nite. For a less trivial background trajec-
tory the contributions of the type
lnt
t
may arise in the loop-integral and give the logarithmic
divergence.
It has been proven that the convergence of the properly substracted loop integrals of lattice
regulated eld theories is uniform and the continuum limit can be taken before the loop inte-
gration [8]. In other words, any vertex which is vanishing in the classical continuum limit gives
no contribution in the quantum continuum limit either. Thus the irrelevant, higher dimensional
`lattice vertices' play no role in the renormalized perturbation expansion which is uniquely de-
termined by the action in the classical continuum limit. This claim is valid for the renormalized
perturbation expansion where the overall and overlapping divergences are substructed and only
supercially nite loop integrals are left. It is evident that this condition is not met for theories
with velocity coupling. In fact, the operator ordering problem leads to the appearence of nite
graphs with zero overall degree of divergence. Not only the graphs are nite but their contribu-
tion to the potential in the hamiltonian is nite as well. Thus no regulator and counterterm are
needed for the canonical quantization of such systems. But these graphs become divergent when
the background trajectory is chosen to be in the ultraviolet, as is the case in the blocking pro-
cedure. This logarithmic divergence makes the classical-quantum correspondance non-unique.
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In the second quantized case the non-renormalizability excludes the coupling constants with
positive time dimension.
Another remark concerning the ultraviolet divergences is that their regularization is appar-
ently a highly nontrivial matter in non-relativistic Quantum Mechanics. The Quantum Field
Theories can be regulated by omitting modes with high enough energy. The resulting nite
hamiltonian can be expressed in terms of the canonical variables. In non-relativistic Quantum
Mechanics with one degree of freedom there is no canonical pair of variables to neglect when the
high frequency modes are omitted. It is not obvious how can we split the only physical degree of
freedom of the quantum system to render the theory nite by retaining the canonical structure.
Fortunately all coupling constants which yield divergences in the lagrangian are excluded by
the unitarity condition. Thus no regularization is needed for unitary time evolution. When the
time evolution is non-unitary due to the elimination of some degrees of freedom then it is the
physics rather than the formal canonical construction which must provide the regularization.
The fractal structure of the trajectories of the path integral amplies the eects of the











= O(t). Thus there are classically vanishing velocity dependent terms in
the action which lead to nite eect in the continuum limit, t ! 0. This is a characteristic
feature of the quantum propagation. Had the typical trajectory of the path integral been
dierentiable the classically vanishing terms of the action would have been irrelevant. Thus
certain relevant or marginal pieces of the action has no room in classical geometry which is
based on smooth curves, surfaces, etc. But all of these eects can be summarized in a generalized
Ito-potential which appears in the hamiltonian in higher order of h.
The amplication mechanism for the velocity dependent interaction can be used to make
up a scalar potential at low energy by the help of a marginal or irrelevant term in the action.
The price is that the marginal or irrelevant coupling constants must be scaled in a manner which
is dierent from the renormalized trajectory. Thus the matching between the scalar potential
which needs no special ne tuning and the velocity dependent case with non-renormalization
group ne tuning can be observed only in the far infrared regime compared to the cut-o.
Finally we list some open questions or problems we encountered during this work. (i) We
considered decimation in time. The time and the length dimensions are not related in the
non-relativistic systems so one expects that the blocking in space or time will reveal dierent
aspects of the quantum dynamics. Blocking in space seems rather unusual since there is no real
degrees of freedom to eliminate as in statistical mechanics or eld theory. Formally, it leads to
the elimination of variables in nite dierence equation rather than integrating out variables. Is
it possible to cast the thinning of a single degree of freedom, i.e. the adjustment of the changing
resolution in space into the same formalism in the rst and second quantized systems ? (ii)
What are the scaling functions of the action in Quantum Mechanics ? (iii) What remains from
Ehrenfest theorem for systems with velocity dependent interactions which generate ultraviolet
divergences ? (iv) How does the ultraviolet divergence detected by the decimation and missed
in the expansion around the constant trajectory appears in Quantum Mechanics? Are there
observables which are ill-dened without regularisation and renormalization ? (v) Can there be
an infrared xed point in Quantum Mechanics with nontrivial relevant or marginal terms ? (vi)
The decimation in real time leads to an interesting, nontrivial renormalized trajectory in the case
of a harmonic oscillator. What is the corresponding result for QuantumField Theories where the
singularities of the running parameters should be distributed continuously in time ? (vii) It was
found in Quantum Mechanics that the unitarity condition excludes the irrelevant and certain
marginal terms from the action. Do we have similar restriction in non-relativistic QuantumField
Theory ? What is the constraint on the renormalized trajectory imposed by unitarity beyond
the leading order perturbation expansion considered in this work ? (viii) The amplication of
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the velocity dependent interactions due to the non-dierentiable nature of the trajectories can
be taken into account in non-relativistic Quantum Mechanics by a potential in the hamiltonian.
What is the analogous situation Quantum Field Theories where the typical eld congurations
of the path integral are nowhere continuous ? How the ultraviolet divergences arising from this
singularity structure and from the presence of innitely many degrees of freedom mix together
? (ix) May the ordering problem make the classical-quantum correspondance non-unique for
Quantum Field Theories ?
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